ABSTRACT. We study the degeneration relations on the varieties of associative and Lie algebra structures on a fixed finite dimensional vector space and give a description of them in terms of Gerstenhaber formal deformations. We use this result to show how the orbit closure of the 3-dimensional Lie algebras can be determined using homological algebra. For the case of finite dimensional associative algebras, we prove that the N -Koszul property is preserved under the degeneration relation for all N ≥ 2.
INTRODUCTION
The deformation theory of algebraic structures has its origin in the sixties in analogy with the deformation theory of complex varieties developed by Kodaira, Nirenberg, Spencer and Kuranishi [Kod05] . Let V be a finite dimensional vector space over an algebraically closed field k. The set X of all possible structure coefficients of a given algebraic structure on V is an algebraic variety. Nijenhuis, Richardson [NR64] and Gabriel [Gab74] established the basis for the geometric theory of algebraic structures, which consists in studying the geometry of X and its relation with the algebraic properties of its points.
For instance, let X be the set of all maps ϕ ∈ Hom k (V ⊗ k V, V ) that satisfy the associativity condition ϕ • (ϕ ⊗ id) = ϕ • (id ⊗ϕ). Thus, X is the variety of associative algebra structures on V . The group GL(V ) of linear isomorphisms acts on X via the formula g · ϕ = g • ϕ • (g −1 ⊗ g −1 ) and the orbits are in correspondence with the isomorphism classes of associative algebras of dimension dim k (V ). Subsets of X consisting of algebras with particular properties usually have nice geometric attributes. For example, the properties of having a unit element or of being of finite representation type are open in X for the Zariski topology [Gab74] . There is also a strong relation between the algebraic properties of the points of X and the local geometry of X . This can be seen for instance in [GdlP95] where the authors proved, among other results, that the vanishing of the third Hochschild cohomology space H 3 (A, A) of an algebra A implies that it is a smooth point of X . In the same direction, if H 2 (A, A) = 0, then its orbit is open [Gab74] .
Given an algebra A in X , we denote its GL(V )-orbit by A and its Zariski closure by A . The set A is GL(V )-invariant, thus it is a union of orbits. An algebra B contained in A is called a degeneration of A. Given the close connection between the local geometry of X and the algebraic properties of its points, algebras and their degenerations are strongly related. For example, given i ≥ 0, the map A → dim k H i (A, A) is upper semicontinuous [GdlP95] . As a consequence, if B is an algebra contained in A such that H i (B, B) vanishes, then so does H i (A, A). Therefore the Hochschild cohomology dimension of A -as defined in [Han06] -bounds that of its degenerations. See also [Gei95] , where the author proved that the property of being of tame representation type is preserved under the degeneration relation and used it to determine the representation type of several algebras.
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On the other hand, given an associative algebra structure A on V , a formal deformation, or a oneparameter family of deformations, of A is a k t -algebra , free as k t -module, whose specialization at 0 is A. The formal deformation theory -that is, the study of the formal deformations -was initiated by Gerstenhaber in [Ger64] . He proved that it is a natural setting where the Hochschild cohomology spaces have different interpretations. For instance, the obstructions for a formal deformation to exist lie on the third cohomology space, and the vanishing of the second cohomology space implies that its formal deformations are all isomorphic to the algebra A t of formal series with coefficients in A. In the latter case the algebra A is called analytically rigid. Despite the clear geometric motivation for this theory, it has a formal point of view and there is no requirement for the formal deformations to be germs of analytic curves.
There is a connection between the formal and the geometric deformation theories. Namely, if an algebra A is analytically rigid, then A is open. The converse holds if the characteristic of k is zero and H 3 (A, A) = 0. See [GdlP95] for more details. It is the purpose of this paper to contribute to the understanding of the relation between these theories in a way we shall now explain.
In [GO88] , Grunewald and O'Halloran proved a general result which for the case of associative algebras implies that B is a degeneration of A if and only if there exists an affine curve C in X passing through B and generically contained in A . Suppose that B ⊆ A and denote by R the stalk of C at B, by m the maximal ideal of R and by L its fraction field. The two conditions that C satisfies imply that there is an R-algebra , free of rank n, such that ⊗ R L is isomorphic to A ⊗ k L as L-algebras and such that ⊗ R R/m is isomorphic to B as k-algebras. Our starting point is the following observation: the completion of R with respect to the m-adic topology is isomorphic to k t , the algebra of formal series, and the completion of is thus a k t -algebra, free of rank n, whose specialization at 0 is B. That is, is a Gerstenhaber formal deformation of B. Moreover, ⊗ k t k((t)) is isomorphic to A ⊗ k k((t)) as k((t))-algebras, where k((t)) denotes the field of Laurent series. Our main result states that the existence of such a Gerstenhaber formal deformation is also a sufficient condition for the inclusion B ⊆ A to hold. From this point of view we study the family of N -Koszul algebras [Ber01] . We prove that the property of being N -Koszul is preserved under the degeneration relation, meaning that in case B ⊆ A , if B is N -Koszul then A is N -Koszul. The case N = 2 was already known and it is a corollary of a result of Drinfeld with important consequences in algebraic combinatorics [SY97] . See Proposition 4.5 for more details. On the Lie algebra setting we show how to use our results to describe the sets of the form g for 3-dimensional Lie algebras using homological algebra tools. This description was already obtained by Agaoka in [Aga99] by geometric means.
Theorem

GENERAL THEOREM
First we recall the characterization of orbit closure of Grunewald and O'Halloran in the cases of our interest. As in [GO88] , we use the term affine variety for the -non necessarily irreducible -zero locus of an ideal of polynomials.
Let k be an algebraically closed field, let X be an affine variety over k, and let G be an affine algebraic group acting on X . Define and to be the functors from the category of associative and commutative k-algebras to the category of sets given by (A) = Hom(Spec(A), X ) and (A) = Hom(Spec(A), G) respectively. Given x ∈ (k), denote by x its orbit in (k) under the action of (k), and by x its Zariski closure.
Theorem 2.1 ([GO88])
. Let x, y ∈ (k). The orbit y is contained in x if and only if there exist a discrete valuation k-algebra R and an element ∈ (R) such that the residue field of R is k, its quotient field L is finitely generated and of transcendence degree 1 over k, and
where τ R : R → L is the inclusion map, η R : k → R is the unit, and π R : R → k is the canonical projection.
Denote by k t the algebra of formal series and by k((t)) its fraction field; the field of Laurent series. Our main theorem is the following variation of Theorem 2.1.
Theorem 2.2. Let x, y ∈ (k). The orbit y is contained in x if and only if there exists an element
∈ (k t ) such that the following equalities hold.
where τ : k t → k((t)) is the inclusion map, η : k → k t is the unit map, and π : k t → k is the canonical projection.
Proof. Suppose y ⊆ x . Let R and be as in Theorem 2.1. Let m be the maximal ideal of R. The completion of R with respect to the m-adic topology is isomorphic to k t [Ser79, Chapter II, Theorem 2]. Let ϕ : R → k t be the inclusion map and let ′ := (ϕ)( ). A diagram chase argument shows that the element ′ satisfies Equations (1) and (2), thereby proving the only if part of the statement.
Suppose there exist elements in (k t ) and g in (k((t))) satisfying Equations (1) and (2). Let B 1 and B 2 be the global sections of X and G respectively. For i = 1, 2 let n i ∈ N and π i :
Note that T( f ) belongs to k t for all f ∈ k((t)) and also π(T( f )) = 0 for all f = 0. Let A be the subalgebra of k t generated by t, c j , T(g k ) and T(g k ), with j = 1, . . . , n 1 and k = 1, . . . , n 2 . Also, let π A be the restriction of π to A. Since c j belongs to A for all j, there exists A ∈ (A) such that (τ A )( A ) = , where τ A : A → k t is the inclusion map. As a consequence
Similarly, since all the elements and operations underlying the equality
] is the inclusion map and η A : k → A is the unit map.
By the Noether normalization Lemma there exist elements β 1 , . . . , β r ∈ A, algebraically independent over k, such that A is integral over k[β 1 , . . . , β r ]. Let q be the kernel of π A . The ideal q is maximal and so q ∩ k[β 1 , . . . , β r ] is maximal as well. Since k is algebraically closed, we obtain that q ∩ k[β 1 , . . . , β r ] = (β 1 − λ 1 , . . . , β r − λ r ) for some elements λ 1 , . . . , λ r in k. We may assume without loss of generality that q ∩ k[β 1 , . . . , β r ] = (β 1 , . . . , β r ).
For every affine line
Using that k r is the union of all the lines passing through 0, we obtain
. The fact that t does not belong to q ′ implies that its class in S does not vanish. The ideal qS is maximal in S and
Let S be the integral closure of S in its quotient field, which we denote by L, and let q be a maximal ideal in S such that q ∩ S = qS. The algebra S is an integrally closed domain of Krull dimension 1. Moreover, by [Ser00, Chapter III,Proposition 16], it is a finitely generated k-algebra and so it is a Dedekind domain. Define R = S q , the localization of S at q. The quotient field of R is also L, the quotient field of S, and therefore it is finitely generated and of transcendence degree 1 over k. Let η R , π R and τ R be respectively the unit map, the canonical projection onto the residue field and the inclusion map of R.
Since k is algebraically closed and isomorphic to S/qS, we deduce that S/qS ∼ = S/qS. It follows that
Consider the following commutative diagram
The maps R → k and R → L are respectively π R and τ R . Let ι be the map from A to R and let ι ′ be the map from
The commutativity of the above diagram and Equations (3) and (4) imply that
From Theorem 2.1 we deduce that y ⊆ x .
GERSTENHABER FORMAL DEFORMATIONS
Here we briefly recall the notion of Gerstenhaber formal deformations of associative and Lie algebras and some fundamental results that we will need in the forthcoming sections. For a complete account on the subject we refer to the original paper [Ger64] .
For a k-vector space V , denote by V t the space of formal series with coefficients in V .
Associative algebras. Let A be an associative algebra over k with underlying vector space V . A formal deformation of A is a pair ( , Φ) where is a complete and torsion-free k t -algebra and Φ : ⊗ k t k → A is an isomorphism of k-algebras. Equivalently, a formal deformation of A is a k talgebra with underlying space V t , such that there exists a family of maps
where v · w and v · A w denote respectively de products of v and w in and in A. Two formal deformations ( , Φ) and If A is graded, a graded formal deformation of A is a formal deformation ( , Ψ) where is a graded k t -algebra and Ψ is an isomorphism of degree zero. The grading of A induces a grading on its Hochschild cohomology, and the space that controls the graded formal deformations is the homogeneous component of degree zero of H 2 (A, A) .
Lie algebras. The definition of formal deformation for Lie algebras is similar to the associative algebra case. Let g be a Lie algebra over k with underlying vector space V . A formal deformation of g is a pair ( , Ψ), where is a complete and torsion-free k t -Lie algebra and Ψ : ⊗ k t k → g is an isomorphism of Lie algebras. Equivalently, it is a k t -Lie algebra structure on V t such that there exists a family of maps
for all v, w ∈ V . In this setting, the space that controls the formal deformations of a Lie algebra g is the cohomology space H 2 Lie (g, g), which is the cohomology of the complex i≥0 Hom k (Λ i g, g) where the differential is
) and all i ≥ 0. If is a nontrivial formal deformation of g, then it is equivalent to a formal deformation ′ with family of maps F 
DEGENERATIONS OF FINITE DIMENSIONAL ASSOCIATIVE ALGEBRAS
Let V be a finite dimensional vector space over k, and let Ass k (V ) be the variety of associative algebra structures on V . More precisely, Ass k (V ) is the subset of Hom k (V ⊗ V, V ) consisting of the
as morphisms from V ⊗ V ⊗ V to V . The algebraic group of linear isomorphisms GL(V ) acts on
for g ∈ GL(V ) and ϕ ∈ Ass k (V ). The orbits are in natural bijection with the isomorphism classes of associative algebras of dimension dim k V . For such an algebra A denote by A its corresponding orbit in Ass k (V ) and by A its Zariski closure. Let A and B be k-algebras in Ass k (V ). The algebra B is said to be a degeneration of A if B ⊆ A .
Theorem 4.1. Let A and B be associative k-algebras of the same dimension regarded as points of Ass k (V ). The algebra B is a degeneration of A if and only if there exists a Gerstenhaber formal deformation of B such that ⊗ k t k((t)) is isomorphic to A ⊗ k k((t)) as algebras over k((t)).
Proof. Let (X , G) = (Ass k (V ), GL(V )). Let be the functor of Theorem 2.2. Note that (k t ) = Hom(Spec(k t ), X ) is the set of associative k t -algebra structures on V ⊗ k k t . Since V is finite dimensional, the space V ⊗ k k t is equal to V t . The result follows easily from Theorem 2.2 and the definition of Gerstenhaber formal deformation.
There is an immediate consequence of Theorem 4.1. Let A and B be finite dimensional algebras. Write B ≤ A if there exists a formal deformation of B such that ⊗ k t k((t)) ∼ = A ⊗ k k((t)). By Theorem 4.3, B ≤ A if and only if B is a degeneration of A. The binary relation defined by the geometric degeneration relation is a partial order on the set of orbits. As a consequence we obtain the following result.
Proposition 4.2. The binary relation ≤ is a partial order on the isomorphism classes of finite dimensional associative algebras.
We do not know whether there is a purely algebraic proof of this fact nor if there is a larger class of algebras than finite dimensional algebras where the relation ≤ extends and for which a similar result holds. can be easily adapted to prove the following theorem.
Theorem 4.3. Let A and B be graded associative k-algebras regarded as points of GrAss k (V ). The algebra B is a graded degeneration of A if and only if there exists a graded Gerstenhaber formal deformation of B such that ⊗ k t k((t)) is isomorphic to A ⊗ k k((t)) as graded algebras over k((t)).
Next we turn to N -Koszul algebras. Let A = i A i be a finite dimensional graded k-algebra with unit, generated as an algebra by A 1 . In particular A 0 = k and J = i≥1 A i is a maximal ideal. This induces an A-module structure on k by identifying it with A/J . In other words, a finite dimensional algebra A is 2-Koszul if at least one of the algebras contained in A is 2-Koszul. This result, besides being very interesting in its own, is the key to the proof that the cohomology algebra of the complement of a supersolvable complex hyperplane arrangement is 2-Koszul, which is an important theorem in algebraic combinatorics [SY97] .
We extend Corollary 4.4 to the setting of N -Koszul algebras.
Proposition 4.5. Let A and B be finite dimensional graded algebras with unit such that B is a graded degeneration of A. If B is N -Koszul, then A is N -Koszul.
For its proof we need the following Lemma. Lemma 4.6. Let P be a complex of finitely generated free k t -modules. For any i ∈ Z, if H i (P/t P) vanishes, then so does H i (P).
Proof. By the canonical isomorphism P ⊗ k t k ∼ = P/t P and the Künneth formula there is an injection H i (P)/tH i (P) → H i (P/t P) = 0. Then H i (P) vanishes by the Nakayama Lemma.
Proof of Proposition 4.5. By Theorem 4.3 there exists a graded Gerstenhaber formal deformation of B such that ⊗ k t k((t)) is isomorphic to A⊗ k k((t)) as graded k((t))-algebras. Since B is generated in degree 1, the Nakayama Lemma and the following isomorphisms of graded algebras
imply that is generated in degree 1 as a k t -algebra. As a consequence of the isomorphism A ⊗ k k((t)) ∼ = ⊗ k t k((t)), the algebra A is also generated in degree 1.
Since is free of finite rank as a k t -module, there exists a resolution P of k t by finitely generated projective graded left -modules. So Tor i (k t , k t ) is isomorphic to H i (k t ⊗ P). On the other hand, by the Künneth formula, the complex P ⊗ k t k is a resolution of k by finitely generated graded projective B-modules and therefore Tor
Let i and j be natural numbers such that j = n(i). Since B is Koszul, the space Tor B i j (k, k) vanishes. So, applying Lemma 4.6 to the homogeneous component of degree j of the complex k t ⊗ P, we obtain that Tor i j (k t , k t ) = 0. On the other hand,
As a consequence Tor
A i j (k, k) ⊗ k k((t)) vanishes, implying that A is N -Koszul.
DEGENERATIONS OF FINITE DIMENSIONAL LIE ALGEBRAS
Let V be a finite dimensional vector space over an algebraically closed field k. Let Lie k (V ) be the variety of Lie algebra structures on V , that is, the set of maps ϕ ∈ Hom k (Λ 2 V, V ) satisfying the Jacobi identity
Lie k (V ). The orbits of this action are in natural correspondence with the isomorphism classes of Lie algebras of dimension dim k V . The next result is obtained by applying Theorem 2.2 to the pair (Lie k (V ), GL(V )). The proof is analogous to the case of associative algebras and we omit the details.
For a Lie algebra g, we denote by g the Zariski closure in Lie k (V ) of the orbit g . A Lie algebra h is a degeneration of g if h ⊆ g .
Theorem 5.1. Let g and h be Lie algebras over k of the same dimension. The algebra h is a degeneration of g if and only if there exists a Gerstenhaber formal deformation of h such that ⊗ k t k((t)) is isomorphic to g ⊗ k k((t)) as Lie algebras over k((t)).
We give an application of Theorem 5.1 to the description of the degenerations of Lie algebras of dimension 3. These have been already computed by Agaoka in [Aga99] . We show how Theorem 5.1 can be used to obtain Agaoka's result by means of homological algebra.
Classification of 3-dimensional Lie algebras. We begin by recalling the classification of the isomorphism classes of 3-dimensional Lie algebras. See for example [FH91] .
If g is a Lie algebra of dimension 3 over an algebraically closed field k, then g is isomorphic to one of the algebras in the following list. Note that if F is an algebraically closed field such that k ⊆ F, for example the algebraic closure of k((t)), then every Lie algebra over F is either isomorphic to L i ⊗ k F, for some i = 4, or it is isomorphic to L 4 (α) for some α ∈ F.
Let g be a 3-dimensional Lie algebra. There is a method given in [FH91] to determine which algebra of the above list is isomorphic to g, which we shall now describe. Let n be the rank of g, that is, the dimension of [g, g] . Note that regarding the bracket as a map [ , ] : Λ 2 g → g, we obtain that
). If n = 0, then g is isomorphic to L 0 , and if n = 3, then g is isomorphic to L 5 .
Suppose now n = 1. In this case there exists x ∈ g such that {x ∧ y : y ∈ g} = ker [ , ] . Let y, z ∈ g be such that {x, y, z} is a basis of g and let a, b, c ∈ k be such that
Suppose n = 2. Let {x, y, z} be a basis of g such that { y, z} is a basis of [g, g] . It is not difficult to
is not diagonalizable, then g is isomorphic to L 3 . If ad(x) is diagonalizable and λ 1 , λ 2 are its eigenvalues, then g is isomorphic to L 4 (λ 1 /λ 2 ).
Cohomology of 3-dimensional Lie algebras. Let g be a Lie algebra of dimension 3 over an algebraically closed field k. Recall that the spaces H i Lie (g, g) are the homology spaces of the complex 
Lie (L 5 , L 5 ) is zero. This is obtained by straightforward computations using the above complex.
Degenerations of 3-dimensional Lie algebras. Let k be an algebraically closed field. From now on we assume all 3-dimensional Lie algebras over k to have the same underlying vector space V with basis {x, y, z}. The next proposition shows in a particular case how Theorem 5.1 and the theory of Gerstenhaber formal deformations can be used to determine the Zariski closure of an orbit.
Proof. Let h = L 2 . Suppose that h ⊆ g for some Lie algebra g not isomorphic to h. By Theorem 5.1 there exists a nontrivial Gerstenhaber formal deformation of h such that
By Table 2 and the remark at the end of Section 3 we may assume without loss of generality that there exist λ ∈ k × and n ≥ 1 such that for all v, w ∈ V ,
for some maps
Since V is finite dimensional, the spaces V t and V ⊗ k k t are isomorphic and so V t is the free k t -module with basis {x, y, z}. Specializing Equation (5) at v, w ∈ {x, y, z} we obtain that there exist elements f i , g i , h i ∈ k t , for i ∈ {1, 2, 3}, such that
Since the minor
we deduce that it is different from zero and therefore the set {x, [ y, x] , [z, x] } is basis of ⊗ k t k((t)). As a consequence the rank of ⊗ k t k((t)) is at least 2. Thus g is of rank at least 2 and not isomorphic to L 0 , L 1 or L 2 .
Suppose the rank of g is 2, that is, g is isomorphic either to L 3 or to L 4 (α) for some α ∈ k × . Let F be the algebraic closure of k((t)). Then, the algebra ⊗ k t F is isomorphic either to L 3 ⊗ k F or to L 4 (α) ⊗ k((t)) F for some α ∈ k × . In any case, if µ 1 , µ 2 ∈ F are the eigenvalues of ad(x), we obtain µ 1 = βµ 2 for some β ∈ k × . and its trace and determinant are
(1 + β)µ 2 = −tr(ad(x)) = −1 + t n+1 f 2 + λt n + t n+1 g 3 , βµ 2 2 = det(ad(x)) = (1 − t n+1 f 2 )(−λt n − t n+1 g 3 ).
Recall that we denote v : k((t)) → Z the valuation of the Laurent series field. The first equality implies that µ 2 ∈ k t and that v(µ 2 ) = 0. On the other hand, the second equality implies that v(µ 2 ) > 1. This is a contradiction and we deduce g is not of rank 2.
Let us see that g does not have rank 3. From the equation . Thus ⊗ k t k((t)) is not of rank 3 and therefore g is not of rank 3.
As a consequence, the rank of the algebra g is different from 0, 1, 2 or 3. This is a contradiction coming from the assumption that g is not isomorphic to h.
The methods of Proposition 5.2 give an homological algebra tool to decide whether the degeneration relation h ⊆ g holds for some Lie algebras h and g. Since each set g is a union of orbits, a complete description of the degeneration relation determines them. Using this technique we were able to recover the full description of the sets g for all 3-dimensional Lie algebras given by Agaoka in [Aga99, Proposition 5] with geometric methods. We omit the details which involve computations similar to the ones given in the proof of Proposition 5.2.
